The one-electron potential, carrier concentration profile, quantized subband state energies, and parallel dispersion relations are calculated for an accumulation layer at a semiconductor surface by solving Poisson's equation within a modified Thomas-Fermi approximation and numerically solving the Schrödinger equation for the resulting potential well. A nonparabolic conduction band, described within the Kane k · p approximation, is incorporated in the model. Example calculations are performed for a typical clean InN surface and for a variety of surface state densities and bulk carrier concentrations. Agreement is found between the model calculations and experimental measurements of the subband energies and dispersions at c-plane InN surfaces from electron tunneling spectroscopy and angle resolved photoemission spectroscopy.
I. INTRODUCTION
At a surface or interface of a semiconductor, the breaking of the translational symmetry of the crystal allows evanescent gap states to exist within the semiconductor band gap. These have either donor or acceptor character, largely dependent on their position relative to the charge neutrality level ͑CNL͒ of the semiconductor. 1 Charged surface ͑interface͒ states induce an electric field, which is screened by a rearrangement of the carriers in the near-surface ͑interface͒ region, over a distance approximately equal to the ThomasFermi screening length, leading to regions of carrier depletion or accumulation close to the surface ͑interface͒.
A surface accumulation of electrons can be generated by applying a bias, for example, in a metal-oxide-semiconductor ͑MOS͒ system. However, it is of special interest where the accumulation is an inherent property of the material. If unoccupied, and hence positively charged, donor surface states are present, the bands will bend downward relative to the Fermi level leading to an accumulation of electrons at the surface. Such an intrinsic accumulation of electrons has been observed at the clean surface of both InAs ͑Ref. 2͒ and InN, 3 with significantly higher surface state densities observed in the latter material.
If the downward band bending associated with the electron accumulation ͑or inversion for p-type material͒ is sufficiently deep and narrow, the potential well created at the surface causes the conduction band states normal to the surface to become quantized into a number of discrete levels. 4 This effect was first experimentally observed in Si MOS structures by magnetoresistance measurements 5 confirmed by far-infrared intersubband optical absorption. 6 Quantized states have also been observed in intrinsic accumulation layers by Tsui [7] [8] [9] and Veal et al. 10, 11 who employed electron tunneling spectroscopy to observe quantized levels at the surface of InAs and InN and In-rich InGaN, respectively. As the downward band bending is in the direction normal to the surface, the quantization is in this direction only; consequently, the motion of carriers in the plane of the surface remains free, and the subbands that form are two dimensional. The dispersion of these subbands has been directly observed by angle resolved photoemission spectroscopy ͑ARPES͒ at InAs ͑Ref. 12͒ and InN ͑Ref. 13͒ surfaces.
The effective one-electron potential at a semiconductor surface, and corresponding variation in carrier density, is strictly described by a self-consistent solution of the Poisson and Schrödinger equations. 14 As the solution of the Schrödinger equation is dependent on the potential derived from a solution of Poisson's equation, this procedure is highly nonlinear. Several methods have been previously employed to assist convergence of the self-consistent iteration. Baraff 16 employed a Fourier and a finite-difference method to determine self-consistent PS Hartree solutions for an electrically neutral finite semiconductor slab. The finite geometry of the slab makes achieving self-consistency easier, although the solutions do not necessarily apply to semi-infinite systems. The above schemes also assumed parabolic dispersion of the semiconductor bands.
Inaoka 17 employed a local-density-approximation ͑LDA͒ calculation within a semiconductor slab thick enough to ensure that the potential and carrier distribution at the surface of the slab is equivalent to that for the semi-infinite system. Nonparabolicity of the conduction band was approximately included by a modification of the effective mass to that at the Fermi level for a nonparabolic ͑NP͒ dispersion. This approach was subsequently extended to include the full conduction band nonparabolicity in the self-consistent PS LDA solutions. 18 The incorporation of nonparabolicity, however, makes these calculations very computationally intensive.
An alternative approach to full self-consistent PS solutions is to solve Poisson's equation within a modified Thomas-Fermi approximation ͑MTFA͒, developed for parabolic bands by Paasch and Übensee. 19 Within the MTFA, an infinite potential step is assumed at the surface, and the local density of states is modified to approximate the effects of quantum-mechanical reflection at this barrier. This method has subsequently been extended to incorporate a NP conduc-tion band. 20 The MTFA approximation has been shown to be in excellent agreement with full self-consistent PS solutions for parabolic conduction band dispersions. 19, 21 However, although this method generates very similar one-electron potentials and charge profiles to self-consistent PS solutions, it does not contain any information on the subband structure present when strong band bending at the semiconductor surface causes the conduction band states to become quantized. This paper presents details of a method combining the Poisson-MTFA solution with a numerical solution of the Schrödinger equation for the resulting one-electron potential to yield the conduction subband structure. Section II introduces the theoretical constructs used in the model. The calculations can be performed with relatively little computational cost, and these are shown to yield results in good agreement with full self-consistent NP PS solutions. Section III contains example results for accumulation layers at InN surfaces. Finally, in Sec. IV, the method of calculation is successfully used to simulate recently observed 10, 13 experimental measurements of subbands at InN surfaces.
II. THEORY

A. Band structure approximations
It is important to include the nonparabolicity of the conduction band within the calculations. A simple form of the NP conduction band dispersion can be obtained using Kane's k · p formalism, 22 described by the Hamiltonian
where
where E s ͑E p ͒ is the conduction ͑valence͒ band edge energy, ⌬ so is the spin-orbit splitting, k is the wave vector, and P is Kane's matrix element. The material is assumed to be isotropic and have no crystal field splitting. For InN, the crystal field splitting is small, 23 and only a small anisotropy in the effective mass has been observed, 24 indicating that the conduction band dispersion is adequately described under these assumptions. The conduction band dispersion is described by
where m 0 is the free electron mass and EЈ is the largest eigenvalue of the Hamiltonian ͓Eqs. ͑1a͒ and ͑1b͔͒ given by the largest solution of the algebraic equation
͑4͒
where E s = 0 and E p =−E g − ⌬ so / 3 have been used, defining the zero of energy at the conduction band minimum ͑CBM͒. Kane's matrix element is given by
where m 0 * is the conduction band edge effective mass. A useful simplifying approximation, applicable in InN where ⌬ so Ӷ E g , 23 is to neglect the spin-orbit splitting. In this case, solving Eq. ͑4͒ gives the familiar two-band k · p analytic form for the conduction band dispersion
Kane's matrix element simplifies to
͑7͒
and the density of conduction band states is given by
͑8͒
B. Poisson-MTFA formalism
The one-electron potential V͑z͒, describing the band bending in the space-charge region as a function of depth z below a semiconductor surface, must satisfy Poisson's equation
where ͑0͒ is the static dielectric constant, N D + ͑N A − ͒ is the bulk donor ͑acceptor͒ density, assumed constant throughout the semiconductor, and n͑z͒ ͓p͑z͔͒ is the electron ͑hole͒ density. The potential V͑z͒ must satisfy the boundary conditions
as charge neutrality requires that there can be no band bending in the bulk of the semiconductor and
where N ss is the surface state density. Alternatively, it is equivalent to consider the total band bending at the surface as a boundary condition. Within the MTFA, 19 the potential is calculated by solving the Poisson equation subject to the boundary conditions ͓Eqs. ͑10a͒ and ͑10b͔͒ with the carrier densities corresponding to the conduction and valence bands calculated, respectively, from
where the sum over i denotes the sum over a number of valence bands, g c ͑E͒ ͓g v i ͑E͔͒ is the density of states for the NP conduction ͓ith valence͔ band, f FD is the Fermi-Dirac function including the potential dependence
where E F is the Fermi energy and ␤ = 1 k B T , and f͑z͒ is the MTFA factor to account for the potential barrier at the surface,
where, for nondegenerate semiconductors, L is the thermal length L = ប / ͑2m 0 * k B T͒ 1/2 and, for degenerate semiconduc-
is the Fermi length. Physically, this correction factor f͑z͒ represents the interference of incident and reflected wave functions due to the potential barrier at the surface. As the characteristic penetration length of the wave functions into the vacuum is very short, much shorter than the variation of carrier density in the space-charge region, it is a good approximation to impose the boundary condition that the wave function is equal to zero at the surface and thus that the carrier concentration tends smoothly to zero at the surface; this is ensured by the MTFA correction. The integral limit E V i in Eq. ͑11b͒ denotes the valence band maximum ͑VBM͒ of the ith valence band allowing for spin-orbit and crystal field splittings.
Numerical solution of Eqs. ͑9͒, ͑11a͒, and ͑11b͒ is initialized using a trial potential; an interval bisection method is then employed to converge to a solution of the one-electron ͑band bending͒ potential that satisfies the boundary conditions ͓Eqs. ͑10a͒ and ͑10b͔͒. For accumulation and depletion layers, the minority carrier concentration can, without loss of information, generally be assumed to be zero in the calculations.
C. Schrödinger equation solution
The numerical solution of the Schrödinger equation for the one-electron potential determined by the solution of the Poisson-MTFA calculations proceeds via a Fourier-series representation. 16, 18 The one-electron ͑band bending͒ potential destroys the translational symmetry of the crystal. It is therefore appropriate to express the Schrödinger equation in terms of envelope functions made up of Wannier functions ⌿͑r ʈ , z͒, where r ʈ ͑z͒ is the parallel ͑normal͒ component of the position vector. In this representation, the Schrödinger equation is given by 18, 26 
where the eigenfunction for a subband j and a given parallel wave vector k ʈ is
where A is a normalization factor and k ʈ ,j ͑z͒ is the component of the eigenfunction normal to the surface for a given subband and parallel wave vector.
Imposing the boundary condition ͑as above͒ that the wave functions vanish at the surface ͑z =0͒ and assuming a system of some length ᐉ, such that the wave functions have also decayed to zero by z = ᐉ, k ʈ ,j ͑z͒ can be expanded as a Fourier sine series
Substituting this into the Schrödinger equation ͓Eq. ͑14͔͒ gives the matrix representation of the problem for a given k ʈ ,
where the matrix elements are given by
where k = ͱ k ʈ 2 + ͑ / ᐉ͒ 2 and ␦ Ј is the Kronecker delta function. The eigenvalues and eigenfunctions of M can therefore be used to determine the confined subband energies and wave functions normal to the surface for a given oneelectron potential calculated from the Poisson-MTFA solution. In practice, the infinite sum in Eq. ͑16͒ is truncated after an order max , giving a max ϫ max matrix in Eqs. ͑17a͒ and ͑17b͒. The value of max required to ensure convergence of the eigenvalues is dependent on the depth and width of the surface potential well. Setting max = 500 was found to be sufficient for all cases considered here.
D. Verification of model
Calculation of properties of the accumulation layer proceeds as follows. First, the one-electron potential V͑z͒ and depth-dependent carrier concentration n͑z͒ are calculated by the solution of Poisson's equation within the MTFA approximation ͑Sec. II B͒ incorporating a NP conduction band dispersion ͑Sec. II A͒. The Schrödinger equation is then solved numerically for the resulting potential ͑Sec. II C͒ incorporating the same NP conduction band dispersion to yield subband energies and parallel dispersions. In this method, the Schrödinger equation has only to be solved numerically once for each value of the parallel wave vector ͑due to the conduction band nonparabolicity͒ for the one-electron potential calculated from the Poisson-MTFA formalism. This is in contrast to full self-consistent NP solutions where the Schrödinger equation has to be solved numerically ͑for each parallel wave vector͒ for multiple one-electron potentials in order to iteratively proceed toward a self-consistent solution, therefore proving significantly more computationally intensive than the coupled method presented here.
To verify the model, the one-electron potential for a variety of surface state densities and a set of subband dispersions calculated by this model for InAs surfaces are compared to the full self-consistent NP PS calculations of Abe et al. 18 in Fig. 1 . The InAs parameters used are listed in Table I . The one-electron potentials and subband dispersions agree very well between the two calculation methods, confirming the validity of the NP coupled Poisson-MTFA/Schrödinger method as a good approximation to full self-consistent NP PS calculations. The calculations presented in the remainder of the paper are for higher surface state densities than those calculated by Abe et al., 18 as compared to here. However, the comparison of the one-electron potentials shown in Fig. 1 does not show signs of increased deviation as the surface state density is increased by over an order of magnitude. The agreement between the self-consistent NP PS calculations and the calculations presented here is therefore expected to hold for the higher surface state densities used in the remainder of this work.
III. InN ACCUMULATION LAYERS
For moderately doped InN, a pronounced universality of the electron accumulation has been observed at the clean surface of both polar and nonpolar InN, 29 with typical surface state densities of ϳ1.6ϫ 10 13 cm −2 . The simulated results of such a typical accumulation layer in InN, using the material parameters in Table I with a surface sheet density N ss = 1.6ϫ 10 13 cm −2 and bulk carrier density n b = 2.5 ϫ 10 18 cm −3 , are shown in Fig. 2 . Donor surface states pin the surface Fermi level close to, but slightly below, the CNL in InN. Due to the low ⌫-point CBM in InN, the CNL lies significantly above the band edges in this material 30 ͑ϳ1.8 eV above the VBM 31 ͒. Consequently, the Fermi level is pinned far above the CBM at the surface. Donor surface states above the CBM donate their electrons directly into the conduction band, leading to a large accumulation of electrons and an extreme downward bending of the bands relative to the Fermi level at the surface. This forms a deep potential well at the surface where the conduction band states become quantized.
Two such quantized states are obtained for the current example. The normal components of the eigenfunctions are shown superimposed on the subbands in Fig. 2͑a͒ . The wave functions are equal to zero at the surface ͑z =0͒ due to the imposed boundary condition here. Also, the wave functions decay into the potential barrier, such that a long way from the surface, they have zero amplitude. It is the peak of these wave functions close to the surface that is responsible for the 
FIG. 1. ͑Color online͒ The one-electron potential V͑z͒ as a function of depth below the surface, z, for InAs, using the material parameters in Table I a) (a) (a) n(z) (10 n(z) (10 n(z) (10 n(z) (10 19 19 19 19 cm cm cm cm peak in the carrier concentration in the accumulation layer ͓Fig. 2͑b͔͒.
The parallel dispersion of the subbands is also obtained from the model ͓Fig. 2͑c͔͒. These dispersions become rather linear with increasing k ʈ , indicating a distinct nonparabolicity. However, this nonparabolicity is not simply described by a Kane-like dispersion, instead, requiring the full numerical solution of the Schrödinger equation for different values of k ʈ .
Although the Fermi level is strongly pinned at clean InN surfaces, it is possible to induce changes in the pinning position in a number of ways. A large increase in the bulk doping level has been observed to increase the Fermi level pinning position, in order to maintain charge neutrality. 31 The changes in the measured conductivity of InN when exposed to a number of solvents and gases have been attributed to changes in the surface electronic properties. 32, 33 Additionally, the deposition on the surface of metals of varying electronegativity can cause a variation in the Fermi level pinning position. 1 For example, the deposition of small amounts of Cs on InAs͑110͒ surfaces has been shown 34 to lead to a large enhancement of the electron accumulation. The variation in surface state density and corresponding downward band bending associated with these modifications to the clean surface will cause a pronounced variation in the number and confinement energies of the subbands. This is represented by the variation in subband energy minima for a variety of surface state densities and bulk carrier densities shown in Fig. 3 .
With increasing surface state density, the amount of downward band bending increases, and so the potential well becomes deeper at the surface. This causes the number of subbands bound within the well to increase and the subbands to become confined deeper within the well. Conversely, with increasing bulk doping, fewer subbands are confined for a given amount of band bending. As the bulk doping level increases, the screening length becomes shorter, and so the potential well formed at the surface becomes narrower. This acts to increase the energy of the subband minima above the conduction band edge at the surface, leading to fewer bound subbands for a given amount of downward band bending. By control of both the surface Fermi level pinning position and the bulk doping, it is therefore possible to control the number and binding energies of the subbands within the potential well.
IV. COMPARISON WITH EXPERIMENT
In this section, the results of the model calculations are compared with previous experimental observations of subband energies and dispersions at InN surfaces.
Veal et al. 10 have employed electron tunneling spectroscopy using a Pt-Ir tip in contact with a native oxide at the InN surface to investigate the binding energies of the subbands. Dips in the normalized conductance ͑dI / dV͒ / ͑I / V͒, where I is the tunneling current and V the applied bias voltage, were attributed to tunneling into subband states. The normalized conductance for a sample with a bulk carrier concentration of n = 2.5ϫ 10 18 cm −3 is shown in Fig. 4 . It is of interest to compare the energy of the subbands to those calculated for a "typical" InN accumulation layer with the same bulk carrier density in Fig. 2 . The energetic positions of the calculated subband minima for this accumulation layer profile are shown as vertical arrows in Fig. 4 . These agree well with the subband features in the normalized conductance within the resolution of the experimental data. In order to make a more quantitative comparison, however, higher resolution experimental data would be needed. Also, perturbing effects such as tip-induced band bending 35 when a bias is applied and the modification of the surface Fermi level pinning at an oxidized surface may need to be addressed.
Colakerol et al. 13 have investigated further the subband states at InN surfaces using high resolution ARPES. Quantized states were observed at the surface, and the in-plane dispersion of these states was determined from photocurrrent intensity maps as a function of parallel wave vector and binding energy. The photocurrent intensity map along the ⌺ ͑⌫ → M͒ direction for binding energies up to 1.2 eV below the Fermi level for an InN sample prepared by two 10 min cycles of 500 eV Ar + ion bombardment and annealing at 300°C is shown in Fig. 5 .
The two dispersions observed in the photocurrent map have been attributed to the parallel dispersion of two subbands. Simulations for InN with a surface state density of N ss = 8.1ϫ 10 13 cm −2 and bulk density of n b = 3.7 ϫ 10 19 cm −3 , corresponding to a downward band bending of 1.8 eV, result in two confined subbands with their minima located 0.80 and 0.51 eV below the Fermi level at the surface, in agreement with the experimental results.
The dispersions resulting from these calculations are shown relative to the experimental dispersions in Fig. 5 . At low parallel wave vector, there is good agreement between the calculated and experimental dispersions, although these diverge somewhat at higher wave vector. This may be due to small errors in the bulk conduction band edge effective mass used, failure of the Kane k · p bulk dispersion relations at higher wave vector, and neglecting the ͑albeit small͒ anisotropy of the conduction band dispersion in wurtzite InN.
Despite the slight divergence of the calculated and experimental dispersions at high parallel wave vectors, a distinct nonparabolicity is evident in both the experimental and model dispersions. The subband minimum momentum effective masses, determined from the calculated subband dispersions, are 0.080m 0 and 0.055m 0 for the first ͑E 1 ͒ and second ͑E 2 ͒ subbands, respectively. The equivalent parabolic dispersion for these effective masses is also shown in Fig. 5 , indicating the importance of including nonparabolicity in the calculations. The effective masses determined here are somewhat smaller than those determined by Colakerol et al. 13 However, in their analysis, the potential well was approximated by an exponential function; such differences in the effective mass are therefore not surprising.
It should be noted that, while the surface state density required to reproduce the experimental data is within the range of previously measured experimental values, 3, 29, [36] [37] [38] it is somewhat higher than those typically observed at clean InN surfaces. 3, 29 The reasons for this may be due to the surface preparation treatment, which involved Ar + ion bombardment and annealing at 300°C. Ar + ion bombardment has been shown 39 to preferentially sputter N, leading to an In enrichment of the surface. This has been shown, 40 in the similar case of InAs, to lead to an increase in the nearsurface carrier density; similar effects would be expected for InN, which may therefore increase the surface state density over that of a clean surface prepared without ion bombardment and annealing.
V. CONCLUSIONS
A simple method for calculating bound energies and parallel dispersion relations for subbands in surface electron accumulation layers was presented. The Poisson equation, governing the potential variation near the surface, is solved within a modified Thomas-Fermi approximation, which approximately takes account of the quantum-mechanical influence of an infinite potential barrier at the surface. The Schrödinger equation is numerically solved for the resulting one-electron potential. The effects of a nonparabolic conduction band are included for both solving the Poisson equation and the Schrödinger equation. The numerical solution of the Schrödinger equation yields nonparabolic subband dispersion relations in the plane of the surface.
The method of calculation was shown to give results very similar to full self-consistent Poisson-Schrödinger solutions of the equivalent problem for InAs surfaces. The specific case of InN was addressed in detail, due to the extreme band bending previously observed at these surfaces. Two bound states were predicted for a typical moderately doped n-type InN sample, with distinctly nonparabolic subband dispersions. An increase in surface state density leads to a deeper potential well at the surface which was seen to increase the number of subbands and depth at which they are bound. In contrast, increasing the bulk doping was seen to reduce the number of bound subbands as the screening length is reduced, leading to narrower potential wells at the surface.
The model calculations were compared with experimental results. Calculations for a typical InN surface were seen to be consistent with electron tunneling spectroscopy results. Additionally, model calculations of subband energies and parallel dispersions showed agreement with those observed by angle resolved photoemission spectroscopy. 
